Introduction
Cantilever plates form the basis for numerous industrial and scientific applications ranging from their use in aerospace technologies ͓1͔ through the monitoring of biological processes such as DNA hybridization ͓2͔, mass measurements with attogram sensitivity ͓3͔, and the imaging of surfaces with atomic resolution ͓4͔. Fundamental to many of these applications is the knowledge of the resonance characteristics of the cantilever. While classical beam theory can be used when the aspect ratio ͑length/width͒ is large, an accurate analytical formulation for arbitrary aspect ratio is lacking in the literature.
Classical exact solutions to the thin plate equations for rectangular plates are known for cases when all edges are free, simply supported or clamped, where Fourier analysis can be used ͓5,6͔. However, the mixed boundary conditions of the cantilever problem precludes the use of such elementary techniques. As such, an exact analytical solution to the cantilever problem mimicking the simplicity of these classical results has proven elusive. Even approximate methods frequently rely on sophisticated and computationally intensive numerical schemes.
While a vast amount of work has appeared on the free vibration of rectangular plates, very few explicit approximate formulas exist. The first such formula appeared when Warburton ͓7͔ used characteristic beam vibration functions in conjunction with Rayleigh's method, to obtain a simple frequency expression for isotropic rectangular plates. This formula is valid for all modes of vibration and all of the classical boundary conditions ͑free, clamped or simply supported͒. Importantly, a dimensionless frequency parameter that depends on aspect ratio, Poisson's ratio, mode number, and the boundary conditions is used. However, for a cantilever, Warburton's frequency parameter is independent of aspect ratio and Poisson's ratio, and therefore cannot be uniformly valid for these quantities.
The accuracies of Warburton's formulas have also been shown to diminish if one or more free edges exist ͓7-10͔. As such, this model is clearly of limited use for rectangular cantilevers. Warburton's research spawned two other papers that contain explicit formulas. Dickinson ͓9͔ extended Warburton's result to account for specially orthotropic plates and uniform direct in-plane forces. Kim and Dickinson ͓10͔ improved the accuracy of Dickinson's result by using three terms in the Rayleigh-Ritz method. However, for the scenarios considered, the increase in accuracy was less than 1%. Jänich ͓11͔ published another set of explicit formulas for the fundamental mode for 18 combinations of boundary conditions, including the cantilever. These formulas were derived using Rayleigh's method with simple trigonometric functions representing the deflection; it has since been shown that mode shapes are better approximated by beam functions ͓8͔. As with the case for Warburton's formula, Jänich's frequency parameter is independent of aspect ratio for the cantilever case; the formulas are also only valid for a Poisson's ratio of 0.25. Thus, Jänich's formulas are of less practical value than those of Warburton, which we have already shown to be limited when applied to cantilevers.
There is clearly a need for an accurate, explicit, frequency expression for rectangular cantilever plates that is valid for arbitrary aspect ratio and Poisson's ratio. Reissner and Stein ͓1͔ developed such a model describing torsional vibration. In this paper, we develop Reissner's idea to encompass the flexural vibration of thin rectangular plates. However, unlike the torsional case, the flexural problem requires the use of advanced asymptotic techniques to handle the singular nature of the mixed boundary value problem. This in turn results in a simple analytical formula that is valid for all aspect ratios and Poisson's ratio, that exhibits a maximum error of Ͻ2% in comparison to rigorous finite element analysis of the governing thin plate equations. While we focus on the fundamental flexural mode of the cantilever due to its ubiquitous use in applications, we derive a general expression valid for all mode numbers whose deflection functions possess nodes approximately parallel to the clamped edge. The cantilever is composed of a linearly elastic homogeneous isotropic material of constant thickness. A schematic illustration of the cantilever geometry is given in Fig. 1. 
Analysis
In this section we use the small-deflection theory of thin plates, the principle of least action ͓12͔ and the calculus of variations ͓13͔ to derive new governing equations that approximately describe the flexural vibrational modes for large but finite aspect ratio. To solve this system of equations we then employ a singular perturbation approach yielding a result that converges to the standard beam theory deflection function and frequency expression as the aspect ratio of the cantilever A = L / b → ϱ. In doing so, we also establish that the resulting next order correction to the beam frequency formula is O͑1 / A͒, a previously unknown result. Finally, we use this asymptotic expression together with the exact asymptotic solution for A → 0 to derive a simple yet accurate analytical formula ͑Ͻ2% error͒ that is valid for arbitrary aspect ratio and Poisson's ratio.
Governing Equation
Since the thickness of the plate is small compared to its other linear dimensions and the deflection is assumed much smaller than the plate thickness, it is analyzed using classical small-deflection plate theory. The origin of the coordinate scheme is centered at the fixed end of the cantilever ͑x =0͒, so that x ͓0,L͔ and y ͓−b / 2,b / 2͔; see Fig. 1 . We only consider deflections w͑x , y , t͒ perpendicular to its plane, i.e., in the z direction, where t is time.
We begin by formally expressing the deflection function as a series expansion in the y coordinate. Since we only consider flexural vibrations, the deflection function must be symmetric about the x axis and therefore an even function of y, i.e., 
͑1͒
The first two terms in this series are then retaining as a leading order approximation to the true deflection function w͑x,y,t͒ Ϸ w 0 ͑x,t͒ + y 2 w 2 ͑x,t͒ ͑ 2͒
The kinetic energy of the cantilever is given by
where h is the thickness of the cantilever, is its density, and ⍀ = ͓0,L͔ ϫ ͓−b / 2,b / 2͔ is the surface of the cantilever. The potential energy can be expressed as ͓14͔
where D is the flexural rigidity
E is Young's modulus, and is Poisson's ratio. Recall that
͔ for most materials. To complete the formulation, we use the action integral
where KE and PE are defined by Eqs. ͑3͒ and ͑4͒, and T is the period of vibration. We first substitute Eq. ͑2͒ into A and perform the y integration. The governing equations and boundary conditions are then obtained by determining the necessary conditions on w 0 and w 2 such that A attains a minimum. This is achieved using the calculus of variations and results in two coupled fourth order linear homogeneous partial differential equations. To simplify these equations we introduce the following scaled variables:
The governing equations can then be reduced to ordinary differential equations by searching for solutions satisfying
where k is the scaled frequency parameter, or eigenvalue. The above transformations reduce the governing equations and boundary conditions to
where ⑀ =1/ A is a small parameter. Note that we have dropped the carets for convenience, thus all variables shall henceforth refer to scaled quantities. Equations ͑11͒-͑14͒ result from the cantilever being clamped at x = 0, while Eqs. ͑15͒-͑18͒ are the free edge "natural" boundary conditions at the opposite end. Observe from Eqs. ͑5͒, ͑7͒, and ͑8͒, that the plate flexural frequencies, f , are related to k by
2.2 Singular Perturbation Analysis. Our aim is to derive an asymptotic expression for the flexural frequencies for finite aspect ratio by solving Eqs. ͑9͒-͑18͒ for k. However, finding an exact analytical solution to this system poses a daunting task. Importantly, the mixed boundary valued nature of the clamped and free edge condition at x = 0 induces a boundary layer in that region where rapid variations in the deflection function occur; see Fig. 2 . This enables us to undertake a singular perturbation analysis of Eqs. ͑9͒-͑18͒, and in doing so obtain an asymptotic solution.
Define f in ͑x͒ and g in ͑x͒ to be the "inner" solutions to Eqs. ͑9͒ and ͑10͒ within the boundary layer that satisfy the boundary con- 
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Transactions of the ASME ͑x͒ to be the "outer" solutions to Eqs. ͑9͒ and ͑10͒ that satisfy the boundary conditions at x = 1. The limiting case ⑀ = 0, which is equivalent to A → ϱ, generates the O͑1͒ equations. It is well known that beam theory and plate theory become equivalent as A → ϱ. This implies that we must recover the beam theory result from these equations for our model to be mathematically consistent.
We propose the following asymptotic expansions:
where the functions f i ͑x͒ and g i ͑x͒ are independent of ⑀, k = k n is the nth eigenvalue of the system and the coefficients u i depend on n. Substituting these expansions into Eqs. ͑9͒-͑18͒ and equating identical powers of ⑀ generates a system of equations. Since we wish to obtain f correct to O͑⑀͒, we solve these equations for u 0 and u 1 only.
O͑1͒ Solution.
The O͑1͒ equations are given by
where Eq. ͑24͒ was used in the derivation of Eqs. ͑23͒ and ͑25͒ and ␤ is defined by
͑26͒
Using the method of dominant balance, the boundary layer thickness can be shown to be O͑⑀͒. Hence, within the boundary layer, x = O͑⑀͒, and with our choice of length scale for y we obtain y = O͑b / L͒ = O͑⑀͒. Therefore variations in the deflection function
where F͑X͒, G͑X͒ are O͑1͒, and X is the inner variable defined by
This analysis indicates that f in ͑x͒ = 0 up to O͑⑀ 2 ͒. Two additional boundary conditions on f 0 at x = 0 are required to completely define the function throughout the interval ͓0,1͔. The definition of the inner variable gives
since F͑X͒ = O͑1͒. Equating like powers of ⑀ in Eqs. ͑20͒, ͑30͒, and ͑31͒, and applying Van Dyke's matching rule ͓15͔ then gives
͑33͒
Combining these results produces the final governing equation and boundary conditions for f 0 ,
Equations ͑34͒-͑36͒ are the classical beam equation and boundary conditions. It follows that f 0 must be the beam theory deflection function, given by
where the C i R are integration constants. It is well known that ␤ must satisfy the following equation:
where z n is the nth positive solution to cos z cosh z + 1 = 0 ͑37͒ Solving Eq. ͑37͒ numerically gives z 1 = 1.8751, z 2 = 4.6941, z 3 = 7.8548, and z 4 = 10.9955. Equation ͑26͒ implies that u 0 is given by
Substituting k n = ͱ u 0 into Eq. ͑19͒ produces the O͑1͒ flexural frequency,
This is the classical beam theory result as expected. Observe that the beam flexural frequency is independent of Poisson's ratio. Furthermore, it can be shown that the plate flexural frequencies are given exactly by the beam result for = 0, regardless of the aspect ratio A. Therefore we obtain
where f ϱ represents the beam formula. It follows that the plate theory flexural frequency can be expressed as 
O͑⑀͒ Solution.
We now seek the O͑⑀͒ correction for f and so u 1 must be calculated. It is easy to verify that the O͑⑀͒ outer equations are given by
where ␤ is defined by Eq. ͑26͒. It can be seen that u 1 must be determined before Eqs. ͑41͒ and ͑42͒ can be solved. This is achieved by making use of the Rayleigh quotient which connects the eigenvalues to the deflection function, enabling u 1 to be determined without directly solving Eqs. ͑40͒-͑42͒, as we shall discuss below. Rayleigh's quotient can be obtained by equating the maximum kinetic and potential energies, and is expressed in the following scaled form: 
͑44͒
The primes denote differentiation with respect to x. The O͑⑀͒ correction for k n 2 ͑and hence f ͒ can be obtained from Eq. ͑44͒ without solving the O͑⑀͒ outer equations, Eqs. ͑40͒-͑42͒.
Since the equations for f and g exhibit boundary layer behavior, we split the range of integration into an inner and outer region and employ the "summing a split range of integration" method as described in Hinch ͓15͔. In future we will refer to this method as SSRI. Let satisfy the relation
We apply the method of SSRI to the numerator of Eq. ͑44͒. Define the following: 
We first consider the integral PE f in ͑⑀ , ͒. Inside the boundary layer, the functions f and g obey Eqs. ͑27͒ and ͑28͒ with the inner variable satisfying X = x / ⑀. Therefore
where the primes denote differentiation with respect to X. Equations ͑48͒-͑50͒ and the change of variable, x = ⑀X, then give
Turning our attention to PE f out ͑⑀ , ͒, recall that we are only interested in the O͑⑀͒ correction to the eigenvalues, u 1 . Hence we use the following expansions:
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These are simply the first two terms from Eqs. ͑20͒ and ͑21͒. We now consider the denominator of Eq. ͑44͒. To begin we define
Observe that the integrand of KE f does not contain any derivatives. We then expand f as
Since the inner solution for f is O͑⑀ 2 ͒ and the remaining terms in the integrand of KE f are of O͑⑀ 2 ͒, the functions g 2 and fg will not contribute at O͑⑀͒. These facts imply that we do not need to split the range of integration of KE f . Thus
A geometric series expansion can now be used to give
Substituting Eqs. ͑54͒ and ͑58͒ into Eq. ͑44͒ then gives
where we have used the definition of and the continuity of I 0 out and I 1 out to substitute = 0. From this we recover the following expression for the O͑⑀͒ correction for k n 2 :
For our method to be self-consistent we must be able to prove that
which can be shown to be true after a significant amount of algebraic manipulation. By employing Eq. ͑34͒, Eq. ͑36͒ and Eqs. ͑40͒-͑42͒, together with the additional boundary condition f 1 ͑0͒ = 0, and multiple integration by parts, we obtain the following simple expressions:
Substituting Eqs. ͑61͒-͑63͒ into Eq. ͑60͒ yields the required expression for the O͑⑀͒ correction for the eigenvalues,
contains two objects that are still unknown: lim ⑀→0 I 1 in ͑⑀ , ͒ and f 1 Ј͑0͒. The governing equation for f 1 is a fourth order inhomogeneous linear differential equation, where the inhomogeneous term is proportional to f 0 . The inhomogeneous term makes its solution highly cumbersome therefore its avoidance is desirable. This is achieved by applying Van Dyke's matching rule ͓15͔ to f 1 Ј͑x͒. Using the definition of the inner variable and Eq. ͑27͒, it can be shown that
To evaluate I 1 in and f 1 Ј͑0͒, clearly we are required to determine the The remaining inner function F can be determined by integrating Eq. ͑70͒ twice and then substituting in G and GЉ. The resulting two integration constants can be found by applying the inner boundary conditions for F. Therefore both F, G and any required derivatives are completely specified. This enables the integral I 1 in ͑⑀ , ͒ and the boundary condition f 1 Ј͑0͒ to be evaluated. Finally, evaluation of the remaining quantities in Eq. ͑64͒ produces the sought after O͑⑀͒ correction for the eigenvalues,
The eigenvalues can now be expressed in the following form: which is simply u 1 / z n 4 ͑1− 2 ͒. We will refer to this function as the O͑⑀͒ correction function for f . Earlier we noted that
We can extend this classical beam theory result by substituting the new analytic expression for k n 2 into Eq. ͑19͒. This gives
Alternatively, we can approximate the flexural frequencies by
This new result gives the leading order correction to the classical beam solution for large but finite aspect ratio A. It can be shown that F͑͒ behaves like 2 to leading order. Note that F͑0͒ = 0, and so our new analytic expression conforms to the earlier observation that f = f ϱ for = 0. Also observe that F͑͒ is independent of the mode of vibration.
Uniformly Valid Expression for Arbitrary Aspect
Ratio. We now derive an expression that is uniformly valid, regardless of the aspect ratio A and Poisson's ratio of the cantilever.
To achieve this, we make use of the asymptotic solutions derived for small ͑see Appendix͒ and large aspect ratio A, and link these solutions using a Padé approximant ͓15͔.
The appropriate Padé approximant is given by
Comparing Eqs. ͑80͒ and ͑81͒ with Eq. ͑77͒ and the small aspect ratio limit from the Appendix determines the unknown coefficients a 0 , a 1 , and b 0 . Equation ͑79͒ then yields the following uniformly valid analytical expression for the flexural frequencies:
and the beam theory flexural formula is given by
͑84͒
It can be shown that Z͑͒ is weakly dependent on , and only varies by 10% for ͓0 , 0.5͔.
Results and Discussion
We now examine the accuracy of Eq. ͑82͒ by comparing it with rigorous numerical solutions obtained using a finite element ͑FE͒ analysis of the governing thin plate equation.
2 The number of elements in the FE method were refined systematically to ensure an accuracy greater than 0.1%. These numerical results cover a wide range of aspect ratios 0.02ഛ A ഛ 50 and Poisson's ratio 0 ഛ ഛ 0.499 and thus permit assessment of the global validity of Eq. ͑82͒.
It can be seen from Eq. ͑78͒ that the correction to the classical beam theory result is independent of mode number, and hence Eq.
2 The finite element analysis was implemented using LUSAS, which is a trademark of, and is available from FEA Ltd., Forge House, 66 High St., Kingston Upon Thames, Surrey KT1 1HN, UK. Quadrilateral thin plate elements with linear interpolation were used throughout.
͑78͒ is equally valid for all modes of flexural vibration, subject to A ӷ 1. Consequently Eq. ͑82͒, which is valid for all A, is also independent of mode number. However, for 0 Ͻ A Ӷ 1 it becomes increasingly difficult to distinguish the higher flexural modes from other modes of vibration. Therefore an assessment of the global validity of Eq. ͑82͒ for all A and mode numbers is not practically relevant. As a result we focus our assessment of the global validity of Eq. ͑82͒ on the fundamental flexural mode, which is also of greatest practical value in applications.
First, we note that Eq. ͑82͒ is exact in the limit of zero Poisson's ratio. Results illustrating the accuracy of standard beam theory and the new solution for Poisson's ratio greater than zero are given in Figs. 3 and 4. Note that as the aspect ratio A → ϱ both approximate formulas converge to the required numerical result, as expected. However, as the aspect ratio A is reduced, the accuracy of the beam theory solution deteriorates significantly. This is due to the assumption inherent in beam theory that nonzero stresses exist only along the axis of the beam, which is clearly inadequate for finite aspect ratios. In contrast, note the superior accuracy exhibited by the new uniformly valid solution ͑Eq. ͑82͒͒ for all aspect ratios. In particular, this solution converges to the required numerical result as A → 0 and A → ϱ. In the intermediate regime where A = O͑1͒, Eq. ͑82͒ exhibits its maximum error of 2%. Note that the error also increases with increasing Poisson's ratio, as expected, since the formula is exact for a Poisson's ratio of zero. Nonetheless, it presents a dramatic improvement on the classical beam result, which is in error by a factor of ͱ 1− 2 as A → 0.
The analysis presented here is derived under the assumption that the cantilever dynamics are not affected by any surrounding medium, such as fluid. It is well known that immersion in fluid can significantly affect the resonance characteristics of cantilever plates, and such effects should be taken into account when using the derived solution in practice ͓16,17͔.
Conclusion
A simple uniformly valid expression for the fundamental flexural vibration frequency of a thin rectangular cantilever plate has been presented. This was derived using an accurate variational approach based on an energy minimization principle and a singular perturbation solution. The resulting formula presents a significant improvement over the standard beam theory result, exhibiting a maximum error of Ͻ2%. This formula is expected to be of value to the development and usage of applications that rely on the resonance characteristics of thin cantilever plates, such as required in the atomic force microscope.
